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1 INTRODUCTION 
1.1 Motivation and hypothesis 
With the adoption of Performance Based Design (PBD) concepts, structural stability during fire 
is increasingly evaluated using advanced numerical models. For the structural fire design of 
large buildings, allowable deflection criteria have been widely used to indicate adequate fire re-
sistance. Whether these designs result in an adequate level of safety, let alone an optimum level 
of investment in structural fire resistance, remains unclear. On the other hand, it must be recog-
nized that current calculation tools are generally not capable of modelling all of the possible 
failure modes associated with the response of fire-exposed structures. More specifically, the 
true load bearing capacity of complex structural systems exposed to fire cannot be determined 
with current methods, leaving the structural fire safety profession with deflection criteria as one 
of the few comparatively easily calculable alternatives.  
In order to ensure adequate safety when applying deflection criteria, a reliability-based de-
sign format for deflections has to be established. In ambient structural design, the deterministic 
evaluation according to the Eurocode design format of EN 1990 (CEN, 2002a), Eurocode 0, to-
gether with the load and material characteristics and safety factors of the material specific Eu-
rocodes, can be assumed to result in a reliability index (safety level) β of about 3.8 for struc-
tures with normal failure consequences and considering a 50 year reference period. This target 
reliability index is close to the theoretical optimum values for β determined through cost-
optimization calculations (see ISO 2394:2015 (ISO, 2015) and JCSS (2007)). 
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esis is formulated proposing that strength-based (‘collapse’) failure probabilities in the LCO 
formulation can be substituted by failure probabilities based on a simplified calculable limit 
state like deflection. As long as the simplified limit state is (1) unequivocally conservative, and 
(2) results in a close approximation of the incalculable limit state, the resultant optimum design 
obtained through LCO will be associated with only a negligible increase in investment in safety 
compared to the true (but unknown) optimum design solution. The validity of this hypothesis 
has been tentatively confirmed through an explicit evaluation for a simple example case. 
If optimum reliability indices β for deflection-based structural fire design were known, a sim-
ilar practical design format with safety factors could be derived. These optimum β are however 
not known, and cannot readily be determined as it is unclear which damage costs should be as-
sociated with the exceedance of specific deflection limits.  
To overcome this problem, and based on observations from Lifetime Cost Optimization 
(LCO) evaluations for structural fire safety made in (Van Coile, 2015), the following general 
substitution hypothesis is formulated. 
 
The optimum level of investment in structural fire resistance obtained when 
substituting the true failure criterion for an approximate but unequivocally 
conservative failure criterion will correspond to a small additional investment 
in safety beyond the optimum, but these costs will be negligible in practice. 
 
Specified to the situation at hand, the ‘true’ failure criterion refers to the strength limit state, 
while the ‘unequivocally conservative failure criterion’ refers to a specific deflection limit 
state. The hypothesis postulates that substituting deflection-based failure probabilities in a 
strength-based LCO (for which failure costs can be more readily estimated) will result in a rea-
sonable but conservative approximation of the optimum design solution (i.e. small additional 
safety investment beyond the optimum). 
If the hypothesis can be shown to hold for a simple, verifiable case, this would support ap-
plying similar methodologies to determine the optimum level of investment for large floorplates 
in PBD where strength limit states can currently not yet be explicitly evaluated. Subsequently, 
the safety levels associated with a number of different optimum designs could be determined 
considering different design situations and a general design format could established for per-
formance based structural fire design based on deflection criteria. This paper however focusses 
on the first aspect: the verification of the hypothesis for a simple verifiable case. 
To interrogate the hypothesis for the example case, it is split in three parts. First, it must be 
shown that (specific) deflection limit states are always more onerous than the strength limit 
state (i.e. unequivocally conservative). Second, it must be confirmed that substituting the true 
(strength) limit state by an approximate but unequivocally conservative (deflection) limit state 
results in an overestimation of the optimum level of investment in structural fire resistance 
when applying LCO. Third, it must be demonstrated that the costs associated with this overin-
vestment in safety are indeed negligible in practice. 
Before investigating the hypothesis in Section 2, the concepts of Lifetime Cost Optimization 
are summarily introduced in the next paragraphs. 
1.2 Lifetime Cost Optimization for structural fire safety 
Lifetime Cost Optimization (LCO) determines the level of safety investment which minimizes 
the total cost over the lifetime of the structure (maximizes total utility), taking into account the 
uncertain future occurrence of damage due to exposure to adverse/accidental events. The basic 
formulation for lifetime cost is given by Equation (1), with K being the total cost, C being the 
initial construction cost, D being the damage cost due to adverse events during the lifetime of 
the structure, and θ being the vector of design parameters considered for optimization (Rack-
witz, 2000). In accordance with economic theory, expected values are considered for C, and D. 
In the subsequent evaluations only a single design parameter θ is considered for simplicity. 
Since the goal of the optimization is to maximize Y, the optimum design criterion is given by 
Equation (2). 
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The initial construction cost C is realized at the start of a structure’s existence, or, for an exist-
ing building, at the time of implementation of a new safety feature. Here the construction cost C 
is further specified as in Equation (3), with C0 being the base cost independent of θ (or when 
applicable, corresponding with the minimum value of θ), C1 being the additional safety invest-
ment, and ε being the ratio of the initial investment to the base cost.  
The damage cost D relates to the uncertain failure costs incurred during the lifetime of the 
structure. For simplicity, only fire-induced failure is considered in the cost-optimization of the 
current paper, and also damage costs associated with partial failure are neglected in this initial 
analysis. Considering the above, the expected present net value of the failure cost D is given by 
Equation (4), with μd being the mean damage cost associated with a single fire-induced failure 
event, tmax being the considered time window for the analysis, Pf being the annual probability of 
fire-induced failure, and γ being the assumed discount rate. The right hand equality in Equation 
(4) is valid for an infinite time-window and when considering reconstruction after failure. 
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The annual fire-induced failure probability Pf can be specified as being a product of the fully 
developed fire rate λfi and the failure probability Pf,fi conditional on the occurrence of a fully 
developed fire. The mean damage cost μd can be specified as the product ξ·C0. Values for the 
failure cost ratio ξ have been given by Kanda and Shah (1997) for earthquake-induced failures. 
This failure cost ratio includes the cost of reconstruction and is necessarily larger than 1. Fur-
thermore, it will be assumed that the safety parameter θ only relates to the probability of failure 
given fire exposure and does not affect the size of the losses or the fire occurrence rate.  
 Considering the above, the optimization objective is given by Equation (5), and the mathe-
matical optimization criterion by Equation (6), with the fire damage parameter η = λfiξ /γ.  
The fire damage-parameter, η, allows to determine the total cost and optimum investment for 
a set of fully developed fire occurrence rates λfi, failure costs ξ and discount rates γ. Based on 
Fischer (2014), γ is chosen close to the real economic growth and set equal to 0.02 in this paper 
since no pure time preference with respect to safety investments is considered. Considering as 
an example a traditional office building, Kanda and Shah (1997) indicate a failure cost ratio ξ 
of 7 for earthquake induced failure, and the Finnish study by Rahikainen and Keski-Rahkonen 
(2004) reports an annual ignition frequency of 2.5·10-3. Taking into account a 90% probability 
of successful early fire suppression by the users or the fire and rescue service, based on (Al-
brecht and Hosser, 2010), the fully developed fire rate λfi = 2.5·10-4, resulting in η = 0.09. In 
case large indirect costs are associated with failure, larger ξ-values most likely would apply. 
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2 HYPOTHESIS VERIFICATION FOR SIMPLE CASE 
2.1 Introducing the simple test slab 
A one-way spanning simply supported solid slab with a free span of 4.8 m is designed in ac-
cordance with the Eurocodes, considering a characteristic value of the permanent load, gk, of 
6.2 kN/m2 (self-weight + 1.5 kN/m2 finishes) and a characteristic value of the imposed load, qk, 
of 7.5 kN/m2 (warehouse: category E1 in EN 1991-1-1). The deflection of the slab in ambient 
conditions is acceptable in accordance with the simplified span to depth deflection assessment 
of EN 1992-1-1 (CEN, 2004a). Details of the slab configuration are listed in Table 1. The high 
imposed load has been chosen together with the 4.8 m span in order to apply the same slab con-
figuration studied extensively in (Van Coile, 2015) for comparability, while at the same time 
avoiding overdesign with respect to either the Eurocode ambient strength or deflection limit. 
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Apart from the nominal cross-section characteristics, Table 1 also specifies the considered 
stochastic variables and associated probabilistic models in accordance with JCSS (2007) and 
Holicky and Sýkora (2010). For the temperature dependent concrete compressive strength and 
steel yield stress reduction factors, kfc(T) and kfy(T), respectively, the probabilistic models given 
by Van Coile (2015) are assumed, based on tests performed in the scope of Annerel (2010). The 
Gumbel distribution describing the imposed load q refers to a 5-year reference period. This ref-
erence period has been chosen in order to evaluate the probability of fire-induced failure taking 
into account the imposed load coinciding with the fire event, implicitly modelling the variation 
of the sustained imposed load through time by a non-intermittent rectangular wave process with 
an assumed average of 5 years between renewals. 
For the characterization of the fire, the ISO 834 standard fire curve (CEN, 2002b) has been 
chosen as a common benchmark which is commonly applied for structural fire safety, with tE 
the specified number of minutes of standard fire exposure. 
 
Table 1. Probabilistic models for basic variables of the reference concrete slab.  
Property Distribution Dimension Mean µ CoV V 
Design value for the bending 
moment capacity, MRd 
DET kNm 57.6 - 
20°C concrete compressive 
strength, fc,20°C (fck = 30 MPa) 
LN 
 
MPa 42.9 0.15 
20°C reinforcement yield stress, 
fy,20°C (fyk = 500 MPa) 
LN MPa 581.4 0.07 
T°C concrete compressive 
strength reduction factor, kfc(T)  
Beta[µ±3σ] 
 
- T-dependent conform  
EN 1992-1-2 
T-dependent* 
T°C reinforcement yield stress 
reduction factor, kfy(T) 
Beta[µ±3σ] 
 
- T-dependent conform  
EN 1992-1-2 
T-dependent* 
Concrete cover, c Beta[µ±3σ] mm 15 0.33 
(σc = 5 mm) 
Slab thickness, h DET mm 200 - 
Slab width, b (unit width) DET mm 1000 - 
Slab free span, l DET m 4.8 - 
Reinforcement axis spacing, s DET mm 100 - 
Reinforcement area, As 
(Ø10mm) 
N mm² 2
, 4s nom
bA
s
π∅
=   
0.02 
Uniformly distributed perma-
nent load, g 
Normal kN/m2 gk 0.1 
Uniformly distributed imposed 
load, q (5-year reference) 
Gumbel kN/m2 0.2qk 1.1 
* see paragraph above 
2.2 Limit state definition and calculation methodology 
The bending strength limit state for the slab, ZSTR, defines failure through Equation (7), with 
MR,fi,tE being the bending moment capacity during fire, ME being the bending moment induced 
by the loads, KR being the model uncertainty for the resistance effect, and KE the model uncer-
tainty for the load effect. Considering a load situation with only a single imposed load Q, ME = 
MG + MQ, with MG the bending moment induced by the permanent load effect and MQ the bend-
ing moment induced by the imposed load effect. The model uncertainties KR and KE are in the 
evaluations further set equal to unity, so as not to complicate the first level evaluations in this 
exploratory study. Traditionally, lognormal distributions are considered based on (JCSS, 2007). 
The deflection limit state, ZDEF, is defined by Equation (8), where vl/2 is the mid-span deflec-
tion of the slab, vlim is a set deflection limit and Kv is the model uncertainty for the deflection 
calculation. As for the strength limit state above, the model uncertainty is set equal to unity, for 
simplicity. Honfi et al. (2012) consider a lognormal distribution for Kv. 
As already discussed, deflection limits are often applied to define the fire resistance of struc-
tural elements. Although not directly applicable, the test standard EN 1365-2 (CEN, 2014) is 
regularly cited for justifying the deflection limit, vlim, of Equation (9). Application to the slab 
configuration of Table 1 results in vlim = 0.32 m. Relating this deflection limit directly to the 
span of the slab, a limit of 0.32 m corresponds with a limit of span over depth of 15. In the fol-
lowing different values for vlim will be considered. 
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For a given fire duration tE, both the strength and deflection limit states are associated with 
failure probabilities, i.e. the probability that ZSTR or respectively ZDEF is negative (indicating 
failure); these failure probabilities are denoted as Pf,STR and Pf,DEF, respectively. The distribution 
describing vl/2 is not known, and therefore a Monte Carlo methodology is applied to evaluate 
both Pf,STR and Pf,DEF. The methodology for the Monte Carlo evaluation is indicated in the flow-
chart of Figure 1 and discussed in the next paragraphs.  
 
 
 
 
Figure 1. Flow-chart describing the methodology to evaluate the probability of failure as defined by 
strength and deflection criteria. 
 
A set of 10,000 Monte Carlo simulations (MCS) was performed evaluating the moment-
curvature diagram in function of tE for each random realization, using the numerical cross-
sectional calculation tool described in (Van Coile, 2015). The maximum of this diagram defines 
MR,fi,tE, while the entire diagram characterizes the load-dependent stiffness of the slab. Thus, 
each of the Monte Carlo realizations i corresponds, for a given fire duration tE, with maximum 
allowable values for the total uniformly distributed load, wmax,STR,i and w max,DEF,i, for which the 
limit states of Equations (7) and (8) are zero. For the strength criterion, wmax,STR,i is directly ana-
lytically evaluated as specified in Figure 1, while the deflection criterion requires a numerical 
evaluation of deflection as a function of the total distributed load w, by applying the principle 
of virtual work. 
By definition, wmax,DEF,i ≤ wmax,STR,i since (for ductile failure) the deflection increases asymp-
totically close to the strength limit. For the considered fire design situation ductile failure is ef-
fectively ensured (in the model) since the loss of capacity during fire results entirely from heat-
ing of the reinforcement. Considering the above, wmax,DEF,i is set equal to wmax,STR,i in case the 
last converged deflection value is below the deflection threshold. Considering a calculation 
precision of 0.1 kN/m2 for w, the maximum resulting deviation is never more than 0.1 kN/m2. 
The slab realization specific probabilities of failure Pf,STR,i and Pf,DEF,i are subsequently evalu-
ated by applying Equation (10). This is readily done numerically considering the distributions 
for g and q listed in Table 1. The overall failure probabilities Pf,STR and Pf,DEF estimated by the 
Monte Carlo simulations are evaluated using Equation (11). Note that these failure probabilities 
are conditional probabilities that assume the occurrence of the fire in the first place. 
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2.3 Confirmation of first aspect of the hypothesis 
The first aspect to be verified is that deflection limit states are always more onerous than the 
strength limit state (i.e. are unequivocally conservative). As wmax,DEF,i ≤ wmax,STR,i as discussed 
above, this first aspect is clearly fulfilled for the simple test case. 
Pf,STR and Pf,DEF have been evaluated in Figure 2 considering 120 minutes ISO 834 standard 
fire exposure in function of the reinforcement axis distances a = c + Ø/2  to the exposed surface 
as elaborated in the next Section. Figure 2 confirms that Pf,STR ≤ Pf,DEF for all considered deflec-
tion limits. 
 
 
Figure 2. Pf for the STR criterion and for different deflection limit criteria vlim, for different reinforcement 
axis distance a to the exposed surface, considering 120 minutes ISO 834 fire exposure. 
2.4 Confirmation of second aspect of the hypothesis 
The second part of the hypothesis states that substituting deflection limit states in the ‘true’ 
strength-based Lifetime Cost Optimization calculations will result in an overestimation of the 
optimum level of investment in structural fire resistance. 
This statement will be assessed considering the lifetime cost evaluation of Equation (5) and 
optimum design criterion of Equation (6). Since fire resistance specifications are often stated in 
terms of the reinforcement axis distance a to the exposed surface, the calculations further will 
consider a as being the applied optimization parameter. The thickness of the slab is considered 
as fixed to the 200 mm specified in Table 1. Consequently, a larger concrete cover is obtained 
by positioning the tensile reinforcement closer to the compression zone. In order to compensate 
for the associated reduction in lever arm and to maintain the design value of the ambient bend-
ing moment capacity, MRd, the reinforcement area per unit width is increased by reducing the 
horizontal axis spacing s between the reinforcement bars. The effect on the conditional failure 
probability Pf,fi has been visualized above in Figure 2, considering 120 min ISO 834 standard 
fire exposure, illustrating the reduction of Pf,fi with increasing axis distance a. 
 The increase in reinforcement area per unit width is associated with an increase in construc-
tion cost for the slab, as elaborated by Equation (12), where the optimization parameter θ has 
been specified to the reinforcement axis distance to the exposed surface a. It should be noted 
that Equation (12) corresponds with a cost-evaluation per unit length of the slab. 
In Equation (12) τ is the reinforcement cost per unit area, ΔAs is the additional reinforcement 
area required to maintain MRd when increasing the reinforcement axis position a (i.e. the con-
crete cover c), b refers to a unit width, and sref is the reference horizontal reinforcement spacing 
of 100 mm. The right hand equality is obtained by introducing τ* as the cost per unit length of a 
single reinforcing bar. The ratio ε of the initial investment to the base cost is evaluated by Equa-
tion (13), with κ being the relative cost of a unit length of the reinforcement bar to the base con-
struction cost.  
Illustrating the order of magnitude for κ, and considering a concrete cost of 100 EUR/m3, a 
reinforcement cost of 0.75 EUR/kg, a labor cost of 50 EUR/m2, and 15% overhead, as in (Van 
Coile et al., 2014), results in a total unit width construction cost for the reference slab configu-
ration C0 of approximately 85.6 EUR/m. The reinforcing bar cost per unit length is assumed at 
0.4 EUR/m, resulting in κ = 5.2·10-3.  
Considering the STR and DEF failure probabilities given in Figure 2 for tE = 120 minutes, κ 
= 5.2·10-3 and η = 0.5, the relative total lifetime cost evaluated through (5) is given in Figure 3. 
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Figure 3. Relative total lifetime cost K/C0 and optimum designs considering 120 minutes ISO 834 fire ex-
posure, a relative rebar cost κ = 5.2·10-3, a fire-damage parameters η = 0.5, substituting different limit 
states for evaluating Pf. 
For the specific set of cost-parameters considered in Figure 3, applying the 0.32 m deflection 
limit for the cost-optimization results in a slight overestimation of the optimum value for a (36 
mm instead of 35 mm). For more stringent deflection limits the overestimation of the optimum 
investment level increases. Deflection limits of 0.28 m and 0.24 m still indicate minimum life-
time cost design close to the ‘true’ STR-based optimum (37 mm and 38 mm respectively), but 
for very restrictive deflection limits a large level of conservativeness is obtained, a deflection 
limit of 0.16 m for example results in a drastic overestimation of the optimum axis distance due 
to the imprecise approximation of Pf,fi (see Figure 2) with an optimum reinforcement axis dis-
tance beyond the considered maximum of 50 mm. 
Figure 3 suggests that substitution of a deflection limit can result in a reasonable approxima-
tion for the STR-based LCO when this deflection limit is not overly conservative, i.e. the ap-
proximate limit criterion should be conservative but as close as possible to the true limit criteri-
on. The generalization of the results of Figure 3 is shown in Figure 4, where optimum values 
aopt are given as functions of the fire-damage parameter η, and all other parameters are as in 
Figure 3. Figure 4 clearly illustrates how for the specific case considered substituting the 0.32 
m and 0.28 m deflection criteria for the STR criterion results in only a small overestimation of 
the STR-based optimum axis distance a. 
 
 
Figure 4. Optimum designs considering a relative rebar costs κ = 5.2·10-3, 120 minutes ISO 834 fire expo-
sure, as a function of the fire-damage parameter η, substituting different limit states for evaluating Pf 
2.5 Confirmation of third aspect of the hypothesis 
The final third part of the hypothesis states that the additional costs associated with the overes-
timation of the optimum level of investment are negligible. This statement can be verified by 
evaluating the investment ratio, ο, defined by Equation (14), i.e. the ratio of the lifetime cost K 
associated with the DEF optimum design to the lifetime cost of the STR optimum design. For a 
conservative limit criterion, the investment ratio is necessarily greater than 1.0. 
Results are shown in Figure 5, confirming the very limited additional investment above the 
‘true’ optimum associated with using the deflection limits rather than the strength limits. For 
the specific case of Figure 5 the additional lifetime cost exceeds the optimum value with less 
than 0.25% for the three considered deflection limits and ISO 834 fire durations tE. For vlim = 
0.32 m, this reduces to 0.025%. 
 
( )
( )
( )
( )
, , 0
0, ,
opt DEF opt DEF
opt STR opt STR
K a K a C
CK a K a
ο = =   (14) 
 
 
 
Figure 5. Investment ratio o as a function of the fire-damage parameter η, considering a relative rebar 
costs κ = 5.2·10-3, different ISO 834 fire durations, for different deflection limit states. 
3 DISCUSSION 
 
The above analyses confirm the formulated hypothesis for the simple example of the simply 
supported concrete slab configuration of Table 1. For this specific case an explicit comparison 
of the STR and DEF optimum designs was possible without excessive complication of compu-
tation; in case of complex structural models no such comparison can be easily made. However, 
it is especially for these complex models that the substitution hypothesis is potentially most 
valuable, since it is practically impossible at present to define the true resistance (or failure) of 
the structural system taking into account all possible failure modes and discrete effects. Thus, 
application of deflection limit states for design optimization may have a clear practical use for 
these cases. However, when generalizing the substitution hypothesis, care should be taken that 
the (observed) requirements of the hypothesis are fulfilled. More specifically, the failure crite-
rion should be ‘approximate but conservative’. In an attempt to generalize the confirmation of 
the design hypothesis, the following requirement is derived for the application of calculable 
limit states for the Lifetime Cost Optimization of structural fire design. 
 
The applied limit state should be an unequivocally conservative approximation 
of the true but incalculable failure phenomenon, while at the same time result-
ing in as close as possible an approximation. 
 
This requirement ensures that the obtained optimum design will be at least as safe as the ‘true’ 
optimum design, and will therefore be denoted as the SAFE-requirement. Furthermore, if the 
optimum design hypothesis introduced in Section 1 holds, then the optimum design obtained by 
substituting the alternative limit state for the real (but incalculable) limit state should corre-
spond with only a negligible increase in present net value of expected lifetime cost. However, 
when designers are not able to (qualitatively) demonstrate that the limit state applied for the de-
sign optimization fulfils the SAFE requirement, adequate safety cannot be assumed as the cal-
culated optimum design is not necessarily conservative compared to the true optimum. 
For complex structural models the unequivocal conservativeness of a proposed failure crite-
rion cannot, in general, be validated with current methods. Consequently, this assessment will 
necessarily be based on expert judgement. Explicitly, when for example connection failure is a 
possible failure mode which is not considered in the applied calculation model, it has to be en-
sured (by expert judgement when lacking better means) that this possible failure mode has a 
negligible probability of being exceeded prior to the considered calculable (deflection) limit 
state used for the design optimization. In those situations, the true meaning of the words ‘une-
quivocally conservative’ becomes apparent. This reliance on expert judgement may seem to be 
a disadvantage of the proposed concept, but the authors feel that discussions on the unequivocal 
conservativeness of a specific failure criterion for cost-optimization are easier and more open to 
external verification and scrutiny then a direct imposition of a deterministic design format for 
performance based structural fire safety, based solely on pseudo-arbitrary deflection limits. 
4 CONCLUSIONS 
 
To allow for establishing target safety levels for performance based structural fire safety from 
first principles a substitution hypothesis has been formulated. The hypothesis states that when 
failure probabilities associated with a simplified calculable limit state are substituted in Life-
time Cost Optimization (LCO) calculations for the strength limit state, the resulting optimum 
design solution will correspond with a slight overestimation of the optimum level of investment 
in safety, and that the costs associated with this overestimation are negligible in practice. 
The validity of the hypothesis has been tentatively confirmed through an explicit evaluation 
for a simple example case of a simply supported concrete slab. For this example, both the 
strength limit state and different deflection limit states were evaluated, and the optimum LCO 
investment levels determined. For this case, the results confirm that as long as the deflection 
limit state is not overly conservative, the assessed optimum design is very close to the ‘true’ 
strength-based optimum. Furthermore, the associated level of additional safety investment re-
mains below 0.25% when applying reasonable deflection limits. 
Based on the optimum design hypothesis and the tentative validation a requirement for defin-
ing limit states in PBD has been derived, stating that applied limit state should be unequivocally 
conservative while also as close as possible to the true limit state. Since this requirement is in-
tended to result in an adequate level of safety when applying cost optimization, it is denoted as 
the ‘SAFE’-requirement. 
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